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Abstract
In this paper we prove, among other things, that the space of all holomorphic functions on an open subset
U of a complex metrizable space E, endowed with the Nachbin ported topology, is metrizable only if E
has finite dimension. This answers a question by Mujica in [J. Mujica, Gérmenes holomorfos y funciones
holomorfas en espacios de Fréchet, Publicaciones del Departamento de Teoría de Funciones, Universidad
de Santiago, Spain, 1978].
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let us consider an open subset U of Cn, n = 1,2, . . . , then the spaceH(U) of all holomorphic
functions on U endowed with the compact open topology τo enjoys very interesting properties
from the functional analysis point of view. For instance, it is a Fréchet space, and hence it is
bornological and barrelled.
Let E be a complex locally convex space and let U be an open subset of E. A mapping
f :U → C is said to be holomorphic in U if it is continuous and for every z ∈ U and w ∈ E the
mapping
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is holomorphic in a neighborhood of 0 in C. Holomorphic mappings on open subsets of locally
convex spaces have Taylor series expansions and many other interesting properties (see [4]).
On the spaceH(U) of all holomorphic functions on U we can also consider the compact open
topology τo defined by the seminorms
f ∈H(U) → |f |K := sup
{∣∣f (z)∣∣: z ∈ K}
where K ranges over the family of all compact subsets of U . This topology, in the infinite di-
mensional case, does not share, in general, the good properties it has in the finite dimensional
case. For this reason other natural topologies, finer than τo, are often considered on H(U). Here
we are going to consider just one, the well-known Nachbin ported topology τω, defined by the
seminorms ported by the compact subsets of U ; we recall that a seminorm p on H(U) is ported
by the compact subset K of U if for every open neighborhood V of K in U there is a constant
C > 0 such that
p(f )C|f |V for all f ∈H(U).
We first prove that when E is metrizable and (H(U), τω) is also metrizable, then E is normed.
In the case of Banach spaces it is known that the metrizability of (H(U), τ ), for τ = τo or τω,
implies that E has finite dimension. The proof of that can be seen in [2, 16.10], it relies deeply
on the completeness of the Banach spaces and on results by Josefson [6] and Aron [1]. It cannot
be applied to the general case of normed spaces.
Here we prove the non-metrizability of (H(U), τω) for every open subset U of every infinite
dimensional metrizable (not necessarily complete) space E. On the other hand, it is known that
if E has finite dimension then (H(U), τω) is metrizable for every open U of E, because in such
a case τω = τo on H(U).
2. The results
We start with a proposition which, for the study of the metrizability of (H(U), τω), reduces
the case of a metrizable space to the normed one.
Proposition 1. If E is a metrizable space and for some locally convex topology τ , with τo 
τ  τω, the space (E′, τ ) is also metrizable, then E is a normed space.
Proof. Let τ be as in the proposition, and let {Vk}∞k=1 be a decreasing fundamental sequence of
absolutely convex closed neighborhoods of 0 in E. Then each V ◦k is τ -bounded. Indeed, since
the τω continuous seminorms on E′ are ported by {0}, if p is a τω continuous seminorm on E′,
there is a constant Ck > 0 such that
p(ϕ)Ck|ϕ|Vk for all ϕ ∈ E′,
and so
p(ϕ)Ck for all ϕ ∈ V ◦k .
Moreover V ◦1 ⊂ V ◦2 ⊂ · · · is a fundamental sequence of bounded subsets for (E′, τ ). Indeed,
every τ bounded set is τo bounded and, since E is metrizable, the τo bounded subsets are locally
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such that
sup
ϕ∈F
|ϕ|Vj C
which implies that
sup
ϕ∈F
|ϕ| 1
C
Vj
 1.
Since {Vk}∞k=1 is a fundamental sequence of 0 neighborhoods in E there is k ∈ N such that
1
C
Vj ⊃ Vk and so F ⊂ V ◦k .
By Mackey’s countability condition [5, 2.6, Proposition 3], applied to the metrizable space
(E′, τ ) and to the fundamental sequence of bounded sets V ◦1 ⊂ V ◦2 ⊂ · · · , there are a natural
number no and a sequence (λk) of positive numbers such that
V ◦k ⊂ λkV ◦no for every k = 1,2, . . . .
This implies that Vno ⊂ λkVk for every k = 1,2, . . . and so Vno is bounded (it is absorbed for all
the Vk), which implies that E is normed. 
Corollary 2. If E is a metrizable no-normable space, then for every open subset U of E, the
space (H(U), τ ) is not metrizable for any locally convex topology τ on H(U), τo  τ  τω. For
the particular case of τω this could be done using the fact that (E′, τω) is the inductive dual.
Proof. It is enough to apply the above proposition having in mind that (E′, τ ) is a subspace of
(H(U), τ ), for τo  τ  τω, see [3, Propositions 2.40 and 2.41].
The above corollary can be applied to get that for all the usual topologies on H(U), for
instance the topology β that makes H(U) a dual space (see [4, Definition 3.29]), the space
(H(U),β) is not metrizable for any open subset U of any metrizable no-normable space E. 
Remark 3. It is known that if E is a metrizable space then (E′, τ ) is a complete space for
τ = τo, τω. In relation with the above proposition, we could ask what happens for a topology τ
finer that τω such that (E′, τ ) is a metrizable and complete space. As we are going to see, the
answer is that such topology must agree with τω on E′.
From this remark and the above corollary we get that for every open subset U of any metriz-
able no-normable locally convex space E and for every locally convex topology τ , τ  τω,
on H(U), the space (H(U), τ ) is not a Fréchet space.
Proof of Remark 3. The identity mapping
(E′, τ ) → (E′, τω)
is continuous, (E′, τ ) is a Fréchet space and (E′, τω) is barrelled (it is an inductive limit of
Banach spaces, see [4, p. 23]). By the open mapping theorem this identity mapping is an home-
omorphism. 
Now we prove our main result, as has been mentioned, it gives the answer to a problem stated
by Mujica in [8, 10.11].
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has finite dimension.
Proof. As we have seen before, it is enough to consider the case of normed spaces. Assume that
U is an arbitrary open subset of the normed space E, and that (H(U), τω) is metrizable, then
there is a sequence {Kj } of compact subsets of U such that the sequence of seminorms qKj ,
ported by the compacts Kj , defines the τω topology on H(U).
We claim that for any compact subset K of U there is jo ∈ N such that K ⊂ Γ (Kjo), where
Γ denotes balanced and convex hull. Indeed, given a compact subset K of U ,
pK(f ) = |f |K ; f ∈H(U),
is a τω continuous seminorm on H(U), so there are jo ∈ N and C > 0 such that
pK(f ) CqKjo (f ) for all f ∈H(U).
Let zo ∈ K . Assume that zo /∈ Γ (Kjo). Since Γ (Kjo) is a closed subset of E and zo /∈ Γ (Kjo)
there is r > 0 such that
B(zo, r) ∩
[
Γ (Kjo) + B(0, r)
]= φ. (∗)
As qKjo is a seminorm ported by Kjo there is C
′ > 0 such that
qKjo (f ) C
′|f |Kjo+B(0, r2 ) for all f ∈H(U),
and so
pK(f ) CC′|f |Kjo+B(0, r2 ) for all f ∈H(U).
Let ϕ ∈ E′ and m ∈ N, then∣∣ϕ(zo)∣∣m C′′|ϕ|mKjo+B(0, r2 )
(where C′′ = CC′) which implies that∣∣ϕ(zo)∣∣ (C′′) 1m |ϕ|Kjo+B(0, r2 )
for all m, and then∣∣ϕ(zo)∣∣ |ϕ|Kjo+B(0, r2 )
which gives that
zo ∈ Γ
(
Kjo + B
(
0,
r
2
))
⊂ Γ (Kjo) + B
(
0,
r
2
)
⊂ Γ (Kjo) + B(0, r),
and so
B(zo, r) ∩
[
Γ (Kjo) + B(0, r)
] = φ
which contradicts (∗).
Using the above claim we are going to prove that there is a ball in Ê (the completion of E)
which is included in the countable union of the closed, convex and balanced hull of the compact
sets Kj in Ê. The proof is an adaptation for open subsets of [7, 41.4(3)].
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are going to prove that the ball in Ê with center 0 and radius r , BÊ(0, r), satisfies
BÊ(0, r) ⊂
∞⋃
j=1
Γ (Kj )
Ê.
Indeed, let zˆ ∈ BÊ(0, r). Then there is z1 ∈ BE(0, r) such that ‖zˆ − z1‖ < r4 (the ‖ ‖ here
is the extension of the norm of E to Ê and we write BE(0, r) instead of B(0, r) to empha-
size that it is a ball in E). Since zˆ − z1 ∈ BÊ(0, r4 ), there is z2 ∈ BE(0, r4 ) such that ‖zˆ −
z1 − z2‖ < r42 . Proceeding inductively we can find, for every n ∈ N, zn ∈ BE(0, r4n−1 ), such that‖zˆ −∑nk=1 zk‖ < r4n . Thus
zˆ =
∞∑
n=1
zn.
Let ωn = 2nzn for each n. Then
wn ∈ BE
(
0;2r/2n−1)⊂ BE(0;2r) ⊂ U
for all n, and wn → 0. As a consequence, K := {ωn} ∪ {0} is a compact subset of U and the
above claim gives that there is jo such that
K ⊂ Γ (Kjo).
Since for all n,
∑n
j=1 12j ωj ∈ Γ (K), we have that all
∑n
j=1 12j ωj belong to Γ (Kjo) and then
zˆ ∈ Γ (Kjo)Ê . This gives that
BÊ(0, r) ⊂
∞⋃
j=1
Γ (Kj )
Ê
and so we have an open subset of the Banach space Ê, which is contained in a countable family
of closed subsets of Ê. By Baire’s theorem this implies that Ê has finite dimension and then
necessarily E = Ê and so E has finite dimension. 
Remark 5. The above proof, which, of course can be applied to Banach spaces, does not use the
deep results in [6] and [1] which are used in the proof in [2].
Remark 6. In spite of the fact that (H(U), τω) is never metrizable (for open subsets of infinite
dimensional metrizable spaces) it is, in many cases, bornological and barrelled, see [4, Corol-
lary 4.16], [10].
Remark 7. The non-metrizability of the spaces of germs in compact subsets of metrizable spaces
endowed with the Nachbin topology has been obtained by Mujica [9].
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